The solutions are obtained to vector wave equation for nonparaxial beams propagating along the optic axis in a uniaxial birefringent crystal. We have revealed that circularly polarised nonparaxial beams may be presented as a set of transverse electric and transverse magnetic waves keeping their structure up to a scale factor when propagating. A beam with arbitrary field distribution may be written as a composition of such the wave fields. We have shown that a circularly symmetric vortex beam with the initial circular polarisation preserves its structure inside the crystal. A circular symmetry of nonparaxial vortex beam with the initial linear polarisation gets lost as the beam transmits through the crystal. The circular symmetry is not recovered in the paraxial case, being an inherent property of the linearly polarised beams.
Introduction
Propagation of vortex beams in anisotropic crystals is of obvious interest from both practical and theoretical points of view. On the one hand, modern technology needs special tools permitting to trap and transport micro objects. Optical vortices embedded in light beams can implement this task. A comparatively simple way to produce singular beams is a computer-generated hologram technique (or phase masks method) [1] . However, it is very difficult to employ the holograms in real-time-scale systems without special complex mechanical gadgets. At the same time, optically uniaxial crystals are capable of performing the same operations without additional devices [2, 3] .
On the other hand, theoretical description of singular optical processes in optically birefringent crystals encounters too often mathematical difficulties. In particular, solutions to the Maxwell equations involve evolution integrals that very seldom lead to closed expressions. As a rule, one obtains uncertain results for tightly focused (i.e., nonparaxial) beams, which are right out of a major interest for modern technologies.
To the present time, there has been a great number of works targeting propagation of nonparaxial beams in free space or homogeneous media (see, e.g., [4] [5] [6] [7] [8] [9] [10] and references therein). The key point in these studies is a right choice of vector-potential that can lead to a wanted solution. A classical way for analysing the propagation of light in crystals is a plane-wave technique [11] that enables one to probe each direction in a crystal, looking after the polarisation state transformations. However, any beam involves a great number of rays (plane waves) propagating in different directions with different velocities. In order to reproduce a picture as a whole, it is necessary to use a spectral integral technique [5] . Employing of this method for paraxial beams propagating through both uniaxial [12] [13] [14] and biaxial [15] [16] [17] crystals has entailed fruitful results, while the expansion of this technique to nonparaxial beams again has resulted in solutions that need asymptotic or numerical methods for their analysis.
Another approach to the problem is a technique of wave modes with eigen polarisations or, otherwise, a complex-source-point technique [18] [19] [20] [21] [22] . This method has been used for the first time for a tilted propagation of extraordinary Gaussian beam in a uniaxial birefringent crystal (see the work [19] ). In the studies [23, 24] , variations of the above method have been employed for tilted vortex beams of the highest orders.
The aim of our work is to study the main properties of nonparaxial beams which have their analogues among Laguerre-Gaussian paraxial beams propagating along the optic axis of uniaxial birefringent crystals, using the technique of wave modes with eigen polarisations.
Generatrix beams
Let us consider at first a general solution to the Maxwell equations for the waves propagating in an optically uniaxial birefringent crystal, with the permittivity tensor presented 
Among a variety of different vector-potential forms used for free-propagating nonparaxial beams [5] , we choose the solutions for anisotropic case which possess a circular symmetry of circularly polarised components of the field. Such a requirement corresponds to two different cases related to (1) a transverse electric wave ( 0 z E = ) and (2) a transverse magnetic one ( 0 z H = ), where the vector-potential A in the work [8] is directed along z axis.
(1) The transverse electric wave field (
The field components of the electric field may be presented as 1 1 , , 0
From Eq. (1) one can write
so that the longitudinal component of the magnetic field is as follows:
Moreover, we have
Thus, the transverse components of the magnetic field may be written as
In order to find equation for the function 1 Ψ , we use the relation
Substituting Eqs. (3) and (4) in the above equation, we come to the Helmholtz scalar equation:
The wave of such a type spreads over a crystal in a manner similar to the case of homogeneous medium with the refractive index o n ε = . We call this wave beam as a nonparaxial ordinary generatrix beam.
(2) The transverse magnetic field (
Let us choose the components of the magnetic field as 2 2 , , 0
Then we obtain from Eq. (1)
( )
Eq. (9) shows that the wave beam has a new scale over the z axis ( (5) in the spherical coordinates may be written as [4] ( ) ( ) ( )
where ( ) The shift of a point light source to imaginary region is equivalent to violation of spherical symmetry of the wave and its deformation along the z axis without breaking the axial symmetry, the solution given by Eq. (10) as before obeying the wave equation [6] [7] [8] [9] . Then the wave function of the ordinary beam becomes 
as generatrix functions, while the lowest-order spherical Bessel function is given by
The These equations enable us to treat the ordinary and extraordinary beams in the same form. Notice that the components of the former magnetic field must be integrated, too.
Vortex beam of the lowest order
Our aim is to match the beam we can produce at the crystal input (z = 0) in an isotropic medium with the refractive index o n with the beam field inside a crystal (in the same z = 0 plane). Our requirement is that the left-hand polarised (LHP) component of the
should vanish in the plane z = 0. We also assume the reflected wave to be negligibly small. Let us first verify whether the superposition
corresponds to our requirement for the transverse field components. Using Eqs. (13), (14), (16), (19) and (20), we write
where a and b are constants. Let us choose a new normalisation in the form ( ) 
with 0 w being some constant a physical meaning of which will be defined later on. Besides, we made use of the relation
In fact, we superpose transverse electric and transverse magnetic fields in Eqs. (24) and (25) . For convenience, we choose the normalisation coefficients a and b in Eq. (23a) inside the crystal so that they transform as a b = before the crystal. Since we do not solve the boundary problem, such normalisation is justified.
In this assumption, the wave field before the crystal has only the right-hand polarised (RHP) component, so that inside the crystal field component is nonzero over all the z = 0 plane. Evanescent waves in both the ordinary and extraordinary beams do not permit the boundary field in the LHP component to be compensated. The field distribution for this case is shown in Fig. 1a . Since the contribution of evanescent waves is small, the ratio of total intensities for the LHP and RHP components is about 0.01. As the crystal length increases, field oscillations are smoothed. However, a ripple seen in Fig. 1 on the envelope curves for the nonparaxial beam inside the crystal testifies upon fast oscillations in the beam at the initial plane. Evolution of the intensity distribution and the wave front shape for the beam components near the initial plane are shown in Fig. 2 . 
However, the requirement given by Eq. (28) is nothing but the paraxial approximation for the wave beams, and
In our case, we make use of the relation , and
Let us also use the approximation
Assuming that 29), we come to the expression
For the extraordinary beam we have ( ) 
At the same time, using the same relations and Eq. (9), we obtain the relation 
Thus, we arrive at the transverse electric field for the paraxial vortex beams of the lowest order in the following form: Evolution of the beam profiles shown in Fig. 3 demonstrates gradual transition of the beam state from the nonparaxial to paraxial region of the beam's parameters.
Nonparaxial Gaussian beam 3.3.1. Circular polarisation
Generally speaking, wave fields with a smooth envelope lacking phase singularities do not represent mode beams with eigen polarisations, in contrast to the vortex-bearing beams which can be obtained by simple differentiation over u and v variables, as made in the previous section. Nevertheless, these fields may be found by means of integral operators. Indeed, let us integrate Eqs. (16) over the u variable:
Choosing the generatrix function 1 Ψ in the form of Eq. (13) and using Eq. (32) for the paraxial approximation, we come to the Gaussian envelope for the RHP component:
With the aid of Eq. (26) we obtain
for the LHP component. Taking into account Eq. (15), we find Similarly we obtain the partial extraordinary field:
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The expressions obtained above transform into typical paraxial ones under the paraxial condition given by Eq. (28):
The field thus obtained describes propagation of the beam with the Gaussian envelope in the initial plane z = 0. The RHP component has also the Gaussian envelope in each partial beam, whereas the LHP component has more complex shape of the envelope, bearing a doubly charged centred optical vortex.
Linear polarisation
A treatment of nonparaxial Gaussian beam with the initial linear polarisation needs a more detailed consideration of the structure of nonparaxial field. Any linearly polarised field may be presented as a sum of two circularly polarised ones, with the same field distributions in the RHP and LHP components at the crystal input. The beam with the initial field distribution like that given by Eqs. (30) and (31) 
The components of the beam with the initial linear polarisation are ( )
This beam composition includes the beams with different vortices
( 0 l = , 2 l = and 2 l = − ). Besides, the scales for the partial beams along the z axis are different. As a result, the projection of linearly polarised electric field onto the cross section of the beam has also different scales along the x and y axes, unlike the circularly polarised beams. The pattern observed must be elliptically deformed. Fig. 4 illustrates the evolution of the conoscopic patterns for the field components x E and y E along the crys- being the axes of the intensity ellipse. Such a deformation effect represents geometrical manifestation of the interference between nonparaxial wave beams (ordinary and extraordinary) having different spatial scales. Notice that deformation of the pattern does not vanish even in the paraxial case [14, 18, 24] , being inherent to linearly polarised beams. The above results are consistent with the theoretical analysis [18, 25, 26] for paraxial beams propagating perpendicular or nearly perpendicular to the optic axis in crystals. At the same time, this deformation is very difficult to detect experimentally for the beams propagating along the optic axis of any real crystals, since it is proportional to the ratio of refractive indices for the ordinary and extraordinary beams. The effect is comparable with an astigmatic aberration imposed by lens systems in nonparaxial beams. Nevertheless, the elliptical deformation has been experimentally observed when the beam propagates nearly perpendicular to the optic axis [25] . In the latter case rotation of the crystal would entail a precession of the beam axis.
High-order nonparaxial vortex beams
High-order wave beams bearing optical vortices and ring dislocations in a uniaxial crystal, which have standard analogues in the paraxial approximation, may be produced by means of the following procedure:
with the signs ( ) ∓ being associated with the ordinary and extraordinary beams, respectively. Indeed, at first we will assume that n m ≥ and find the function 
where ( 
Let us derive some simple rules for transition from the nonparaxial to paraxial beams with the Gaussian envelope. A recurrence relation for the spherical Bessel functions is given by ( ) ( ) ( ) 
as well as complimentary relations obtained from Eq. (32):
, , , 
Finally, the radial function ( ) Q r in Eq. (46) may be transformed to a standard expression:
where we have made use of definition of the generalised Laguerre polynomial:
Thus, Eqs. (43) finally normalised for the high-order nonparaxial beams under the condition n m > may be rewritten as 
whereas for the case of n m < we have when the influence of evanescent waves even on higher-order nonparaxial beam profile is essentially weakened. When the nonparaxial beam of the highest order propagates along the crystal, an intrinsic annular pattern vanishes, being replaced by the typical conoscopic pattern. Fig. 7 shows a gradual transition of the annular picture into the conoscopic pattern peculiar for divergent light in a uniaxial crystal.
Conclusions
We have treated the propagation of nonparaxial beams along the optic axis of a uniaxial crystal. We have chosen a shape of generatrix beam in such a way that it have a standard form of Laguerre-Gaussian beam in the paraxial approximation. We have revealed that the behaviour of nonparaxial beams may be described in the framework of complexsource-point technique. The above method leads to nonparaxial beams with the eigen polarisations. This means that this mode beam propagates along the crystal without structural transformations of its field up to a scale factor. There are two types of those mode beams, the transverse electric (TE) and transverse magnetic (TM) fields, that propagate in the crystal with different wave parameters. The mode beams have different scales along the z axis. A beam with arbitrary field distribution at the crystal input is described as a superposition of the beams with eigen polarisations. These types of nonparaxial vortex beams have a circular symmetry through the beam cross section, being smoothly converted into their paraxial analogues. The centred optical vortices embedded in the beams do not lose their structural stability when either propagating or being focused tightly. The circular symmetry in the field distribution gets lost when the beam waist of the linearly polarised field becomes comparable with the light wavelength. Its cross section is deformed, i.e. the scales along the x and y axes become different. The beam deformation diminishes, though does not vanish completely, for the paraxial linearly polarised beams.
